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We numerically reanalyze static and spherically symmet- 
ric black hole solutions in an Einstein-Maxwell-dilaton system 
with a dilaton potential m d 4> 2 . We investigate thermody- 
namic properties for various dilaton coupling constants and 
find that thermodynamic properties change at a critical dila- 
ton mass rrhd,crit- For mj > md,crit, the black hole becomes 
an extreme solution for a nonzero horizon radius rh,ex as the 
Reissner-Nordstrom black hole. However, if m d is nearly equal 
to md,crit, there appears a solution of smaller horizon radius 
than rh,ex- For m d < md, C rit, a solution continues to exist 
until the horizon approaches zero. The Hawking temperature 
in the zero horizon limit resembles that of a massless dilaton 
black hole for arbitrary dilaton coupling constant. 

04.40.-b, 04.70.-s, 95.30.Tg. 97.60.Lf. 



I. INTRODUCTION 

The black hole solution in the Einstein-Maxwell- 
dilaton system found by Gibbons and Maeda, and inde- 
pendently by Garfinkle, Horowitz and Strominger (GM- 
GHS) has many distinctive properties from those of the 
conventional Reissner-Nordstrom (RN) black hole [1]. 
Among the most important are its thermodynamic prop- 
erties. If we consider the evaporation process of the black 
hole, its final fate varies depending on the dilaton cou- 
pling. 

For dilaton couplings 7 < 1, the Hawking temperature 
approaches zero by reducing the mass, while it diverges 
for dilaton couplings 7 > 1 in the zero horizon limit [2]. 
For the intermediate value 7=1, the temperature re- 
mains finite and nonzero in this limit. 

These facts tell us that the scalar field plays a role in 
determining the properties of black holes. It is worth 
mentioning that hairy black holes [3-5] which have a 
Yang-Mills field and a Higgs field also change qualita- 
tively when scalar hair such as a Brans-Dicke scalar field 
is added [6]. 

However, since the dilaton field has been predicted to 
have a TeV scale mass and a massless dilaton field is 
excluded by experimental considerations [7], we need to 
investigate black hole solutions with a massive dilaton 
field as a more realistic case. Several authors have dis- 
cussed this possibility and found some interesting prop- 



erties [8]. For example, these black holes may have three 
horizons, or wormholes outside the event horizon in the 
string metric near the extreme solution for the magneti- 
cally charged solution. However, since the inclusion of a 
mass term makes it hard to obtain a solution in closed 
analytic form, there remains some room for further in- 
vestigation [9]. 

We have investigated previously the thermodynamic 
properties of these black holes for the particular dilaton 
coupling 7 = 1 [11]. However, the value of the dilaton 
coupling is not fixed experimentally. Moreover, theoreti- 
cal considerations do not necessarily favor a dilaton cou- 
pling equal to 1. For example, 7 = V3 is suggested by a 
four-dimensional effective model obtained from the five- 
dimensional Kaluza-Klein theory. 

We therefore concentrate here on studying the depen- 
dence of the dilaton couplng and clarify some aspects 
which have not been investigated so far. 

This paper is organized as follows. In Sec. II, we de- 
scribe our model, basic equations and boundary condi- 
tions. We briefly review the GM-GHS solution in Sec. 
III. Our main results are given in Sec. IV and V, with 
concluding remarks in Sec. VI. Throughout this paper, 
we use the units G = c = % = 1 . 



II. BASIC EQUATIONS 

We take the action as follows, 

S = J d 4 x^j [R - 2(V0) 2 - e - 2 ^F 2 - 2V(<p)] , (1) 

where <fi, 7 and V(<f>) are a dilaton field, its coupling 
constant and its potential, respectively. The Einstein 
equations, the dilaton equation and the Maxwell equation 
are 

Guv = 2 (V^V„<£ + e~ 2 ^F^F vX ) 



-9ia> 



(V0) 2 - - e - 2 ^F^F afj - V 



(2) 



^+le-^F^ v -l^M= 0) (3) 



V^F"" - 2 1 {V^)F^ = 0. 



(4) 



We consider the static and spherically symmetric metric 
as 



-f(r)e- 25i - r) dt 2 + fir^dr 2 + rW, 



(5) 
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where f(r) := 1 — 2m(r)/r. We choose a gauge potential 



A u as 



1 



A„ = {A(r),0,0,Q m cos6), 



(6) 



where Q m is a magnetic charge. We do not consider a 
dyonic black hole which has both an electric and a mag- 
netic charge here. Below, we consider a dilaton potential 
V = m 2 d 6 2 where rrid is the dilaton mass, for simplicity. 
In this case, the boundary conditions at spatial infinity 
to satisfy asymptotic flatness are 



m(oo) =: M = const., 5(oo) = 0, 6(00) 
From the Maxwell equation, we obtain 
(rK)' + K = 0, 



0. 



(7) 



(8) 



where ' := d/dr and K := A'e 2 "i<t>+ s . By integrating 
this equation, we obtain 



r K = const. 



(9) 



Q e can be interpreted as electric charge because of the 
condition (7). Finally, our basic equations are 



'='-{f^ + B + V), 



m 

2 

5' = -r6' 2 , 



26' 1 

+ 7 
r f 



>>^-r(B + V) 
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r r 
where we use the abbreviation 



B ._ Qrn e -2l<t> + 9l e 2 J<P 



(10) 

(11) 

(12) 



(13) 



(14) 



We also assume the existence of a regular event horizon 
at r = r/j. So we have 



m h = y, S h < co, 6 h < co, 



(15) 



ds 2 = -\ 2 dt 2 + —dr 2 + R 2 dn 2 



(17) 



where A and R are functions of r only. 

We consider the electrically charged case. Since this 
system has an electric-magnetic duality F — > e~ 2 *F, </> — > 
—0, we can easily obtain the results for the magnetically 
charged case. With the above ansatz, we obtain 



, 2 7 /(l+7 2 ) 



» a -('-^)('-T) 

*-'('-t) 



(l-7^)/(l+7 J ) 



,7 2 /(l+7 2 ) 



(18) 
(19) 

(20) 



where we have set the asymptotic value of the dilaton 
field to zero. r + and r_ are the event horizon and the 
inner horizon, respectively. They are related to the grav- 
itational mass M and charge Q e by 



M= r -± 



Qe 



r + r_ 



l + T 

1/2 



(21) 
(22) 



The above solution has many interesting features, one 
of which is that the inner horizon is singular and this 
singularity is spacelike for any nonzero value of 7. The 
second feature is thermodynamical. Temperature T is 
written as 



-J-fl-^ 

Airr + \ r + 



(23) 



This vanishes in the zero horizon area limit for 7 < 1, 
whereas it has a finite value 1/(8ttM) for 7=1 and di- 
verges for 7 > 1 in the same limit. Thus, these differences 
are caused by the dilaton field and to examine this fea- 
ture for the massive dilaton black hole is one of our basic 
motivations. 



r{dV h /d6-2 1 B h ) 
2{l-r 2 (B h + V h )}- 



(16) 



The variables with subscript h are evaluated at the hori- 
zon. We will obtain the black hole solution numerically 
by determining 6h iteratively to satisfy these conditions. 



III. THE GM-GHS SOLUTION 

We briefly describe the GM-GHS solution, i.e., the 
massless dilaton black hole, to compare with the mas- 
sive dilaton black hole. To describe the exact solution, it 
is convenient to use the following spherically symmetric 
ansatz: 



IV. PROPERTIES OF THE MASSIVE DILATON 
BLACK HOLE 

First, we summarize the results of previous papers 
which do not depend on the dilaton potential V whenever 
V is convex [8] : (i) The dilaton is monotonically increas- 
ing (decreasing) outside the horizon for the electrically 
(magnetically) charged solution, (ii) For Q e md < ^y (or 
Qm"i(i^l), there can be only one horizon. In previous 
papers only the case 7 = 1 is considered, but it is trivial 
to extend the above results to arbitrary 7. 

When V is an even function, we can also obtain results 
for the magnetically charged case from the electrically 
charged case by means of the electric-magnetic duality 
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mentioned above. Consider for example the magnetically 
charged solutions with Q m =0.1. 

First, we consider the intrinsic difference of the dilaton 
field with a mass term from that of the massless dilaton 
field in an asymptotic region. For the GM-GHS solution, 
the dilaton field goes as e~ 2 "^ <~ 1 + 2£/r in the asymp- 
totic region, where E is a dilaton charge. The latter is 
expressed as 



£ = - 



o 2 

2M 



(24) 



This is known as a secondary charge since it is completely 
determined by the gravitational mass and the magnetic 
charge. 

On the contrary, for the massive dilaton black hole, 



the dilaton field behaves as (f> 
(13) can be approximated as 



iQlJmY [8] since Eq. 



y 9k __ 



ldV 



(25) 



by neglecting the derivative terms of <f> in the asymptotic 
region. Thus, the dilaton charge is lost because of the 
dilaton potential. 

We show the behavior of the dilaton field outside the 
horizon for horizon radii = 0.15 and 0.05, dilaton mass 
m d = 10 and dilaton coupling 7 = 1 in Fig. 1 (solid lines). 
For comparison, we also show those of the GM-GHS solu- 
tion and the approximate solution <j> = jQ^/m^r 4 (dot- 
ted lines and dashed lines, respectively.). 

It is seen that the deviation from the approximate so- 
lution becomes large for = 0.05 compared with that 
for Th — 0.15. This is related to the fact that the mas- 
sive dilaton field behaves like a massless one within its 
Compton wavelength scale ~ l/m d . 

On the other hand, since the influence of the dilaton 
field becomes negligible for r > l/m d , the solution is 
expected to approach the RN solution for large or 
large horizon radius. Thus, we may expect a qualitative 
difference depending on the scale of the horizon radius. 

This behavior may influence other structures. Actu- 
ally, a wormhole structure outside the event horizon in 
the string metric near the extreme black hole of the mag- 
netically charged case, which is absent for the GM-GHS 
solution, is reported in Ref. [8] . 

Next, we turn our attention to sequences of solutions, 
corresponding to various horizon radii. We analyze the 
conditions for the existence of a degenerate horizon along 
the same lines as Ref. [8] . If the horizon becomes degen- 
erate at r = r d , we have m' = 1/2 at the horizon, which 
leads to 



(26) 



from Eq.(10). Note that we can rewrite Eq.(13) by using 
Eq.(10) as 



+ 



iQm -2-y4> ,,,2 



0. 



Then, by using f d = f' d = 0, we have 



= 



o-2~fcj>d 



- m 2 d ct> d r 2 d . 



(27) 



(28) 



Note that the finiteness of (f> d and 4>' d at r = r d are as- 
sumed implicitly. From these conditions, we obtain 



1 



4>d(4>d 



\li)m\ 



r 2 
r di 



,2-y<fd 



M<t>d + 1/7)' 



= lQ 2 m m 2 d . 



(29) 
(30) 



As wc mentioned at the begining of this section, (f> d 
is restricted to 4> d > since the dilaton is monotoni- 
cally decreasing outside the horizon for the magnetically 
charged case. Thus, the left-hand side of Eq. (30) reaches 
its minimum value e 2 7 3 /4 at <p d — I/7. [Note that e 
here refers not to electric charge but to the Euler num- 
ber e = 2.71 •• •.] 

Thus, the solution for Q^m 2 , < e 2 7 2 /4 does not have 
an extreme limit, if <fi d and <f>' d have finite values. To 
check this, we find the solutions numerically. Let us de- 
note the dilaton mass which satisfies Q^m 2 , — e 2 7 2 /4 by 
nid,crit- For 7 = 0.5, 1 and -\/3, we find that m dyCr it takes 
values 6.79 •• •, 13.59 •• • and 23.54 •• •, respectively. We 
pay attention to the qualitative difference depending on 
the dilaton mass. 

The horizon radius and the inverse temperature 1 /T 
are shown in terms of the gravitational mass M of the 
massive dilaton black hole for the case 7 = 1 in Figs. 2 
(a) and (b), respectively (solid lines). We also show the 
GM-GHS and the RN solutions with a dotted line and a 
dashed line, respectively. 

The relationship between the extreme solution and the 
zero temperature is directly connected to the first law 
of black hole thermodynamics. If we fix the magnetic 
charge, it can be expressed as 



dr h 
dM 



2irr h T 



(31) 



Since drh/dM approaches infinity in the extreme limit for 
nonzero in the RN solution, T approaches zero. On the 
other hand, for the GM-GHS solutions with 7=1, since 
drh/dM diverges as approaches zero, T can remain 
finite. 

For massive dilaton black holes, our calculation shows 
that there are two distinct cases, depending on the dila- 
ton mass. For m d > m dtCrit , there is an extreme solu- 
tion for nonzero horizon radius. For m d < m dyC rit, the 
solution continues to exist in the — > limit where 
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T remains finite nonzero value, as in the correspond- 
ing GM-GHS solution. We defer discussion of the case 
fnd = irid,crit to the next section. 

We also show the corresponding diagrams for 7 = 0.5 
and y/3 (suggested by Kaluza-Klein theory) in Figs. 3 (a) 
and (b), and in Figs. 4 (a) and (b), respectively. Note 
that the solution in these cases also becomes an extreme 
one for a nonzero horizon radius with > md, cr it, as in 
the case 7=1 discussed above. Thus, in some respects 
these diagrams are similar to the case 7 = 1. 

It is surprising that the temperature in the zero horizon 
limit for rrid < md, C rit closely resembles that of the GM- 
GHS solution. I.e., the temperature diverges, approaches 
zero or has a finite nonzero value in the zero horizon limit, 
according as 7 > 1, 7 < 1 or 7 = 1, respectively. We 
confirmed this result for various 7. This is also related 
to the fact that the dilaton field behaves like a massless 
field within its Compton wavelength. However, since the 
mass term of the dilaton field affects the gravitational 
mass even in the zero horizon limit, the solution itself is 
quite different from the GM-GHS solution. Thus, it is 
not trivial whether or not the temperature of a massive 
dilaton black hole in the zero horizon limit resembles that 
of the GM-GHS solution qualitatively. 

In previous papers [8], it was shown that a necessary 
condition for the existence of three horizons is the vio- 
lation of the strong energy condition (SEC). In our ex- 
ample, the violation of the SEC necessarily means that 
md > md,crit- So, one interesting possibility is that the 
final fate of the black hole depends only on the dilaton 
coupling for general matter fields if the SEC holds. 

For 7 > 1, interesting behavior can be expected when 
nid is slightly below md, C rit- In this case, the temperature 
approaches zero by reducing the mass. However, there is 
a local maximum of 1/T in the M-l/T diagram, as we can 
see in Figs. 2 and 4. So we may find a rapid evaporation 
below some gravitational mass. 

Related to the above discussion, one may wonder 
whether the extreme solution is a numerical artifact. 
That is, although the temperature approaches zero by 
reducing the mass, it may have a local maximum in the 
M-l/T diagram even in the case < md.crit- To check 
this, we should rule out the possibility that we might 
have stopped the calculation before a local maximum in 
the M-l/T diagram appeared [12]. We do this in the 
next section. 



V. NEAR CRITICAL DILATON MASS 

Here, we show the qualitative difference caused by the 
dilaton mass in a more explicit way. We do this by means 
of a diagram for the case 7=1. However, our discussion 
is general for arbitrary 7. 

In Sec. IV, we noted that there is an extreme solu- 
tion for rrid > md.crit- This becomes more clear if the 
existence of the inner horizon and its merger with the 



event horizon in the extreme limit can be demonstrated. 
We plot the event horizon rh as a function of the grav- 
itational mass M of the massive dilaton black hole for 
7 = 1 near md, C Ht in Fig. 5 (solid lines). We also show 
the "inner horizon" with dotted lines. 

As was shown in previous papers [8] , there is no "inner 
horizon" for large black holes, while one does appear for 
small black holes. This kind of behavior is also found 
in charged black holes with Born-Infeld type nonlinear 
electrodynamics [13]. It is also worth mentioning that the 
inner horizon disappears in the Born-Infeld type black 
hole if we include a dilaton field [14]. 

Since we need fine-tuning of the dilaton field <p to sat- 
isfy regularity at the inner horizon, a curvature singu- 
larity appears there in general and is spacelike as in the 
GM-GHS solution. 

The "inner horizon" disappears below the point B in 
Fig. 5 where drh/dM — > 00 and ru <~ l/m^. The point 
A corresponds to the point where two horizons separate. 
Thus, this diagram supports our contention that there is 
an extreme solution for rrid > md.crit- 

Thus, it is astonishing that there are solutions be- 
low points C for 14.8 > rrid > md,crit- In our calcula- 
tion, gravitational mass of the point C coincides with 
that of the point A. So it is supposed that unique- 
ness of solutions for fixed parameters holds in our sys- 
tem. Temperature is finite and the SEC holds in these 
cases. The reason why solutions below points C exist for 
14.8 > rrid > m<i,crit is under investigation. 

As rrid approaches md, cr it for rrid > md,crit, the curve 
between A and B becomes small. For rrid — 13.6, A 
almost coincides with B and C. It is natural to suppose 
that A coincides with B and C for rrid = md.crit- This 
is related to the existence of a triply-degenerate horizon, 
as pointed out in previous papers [8] . 

Finally, we investigate the properties of <f>h for various 
horizon radii, since <j>h cannot be determined analytically, 
and whether or not this quantity diverges is the key to the 
existence of the extreme solution, as discussed in Sec. IV. 

Let us first examine the condition on <f>h for the exis- 
tence of the regular horizon. From Eqs. (10) and (13), 
we obtain 



Qm 4>h 

Ql <f>lW m ) (33) 

by requiring that m' h < 1/2 and <j)' h < 0, respectively. 
4>' h < is required if </> is to decrease monotonically. We 
find from Eq. (32) that (f>h r h must converge to zero for 
the existence of the 77, — > limit. 

A plot of rh-<phr\ for 7 = 1 is shown in Fig. 6. We find 
that §hf\ increases as decreases when the horizon is 
large enough to satisfy ru > l/m<j. 

On the other hand, when the horizon becomes too 
small to satisfy rh < l/m<j, then 4>hr\ decreases as 
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decreases. Note that the curves for < md, C rit ap- 
proach those of the GM-GHS solution as decreases. 

For nid = 20, we can safely conclude that, since 4>hTh 
monotonically increases but does not diverge as Th de- 
creases, m' h = 1/2 is satisfied for a nonzero horizon ra- 
dius. For m,d = 15, no conclusion can be drawn from this 
diagram. 

To judge whether or not the extreme solution is real- 
ized exactly for nonzero horizon radius, we need to in- 
vestigate the behavior of 4>hXh f° r dilaton masses near 
m<l,crit ( m d = 13 <~ 14) as shown in Fig. 7. Since ^>h r h 
increases monotonically as decreases for md = 13.6 
and 14, we can conclude that m' h — 1/2 is satisfied for a 
nonzero horizon radius. Thus, the black hole properties 
change at md,crit, as shown by the behavior of <ph- 

VI. CONCLUSION AND DISCUSSION 

We have investigated static spherically symmetric solu- 
tions in the Einstein-Maxwell-dilaton system with a dila- 
ton potential V = rn^cj) 2 . We considered the magnet- 
ically charged solution for various values of the dilaton 
coupling. We confirmed that the properties of black holes 
change qualitatively at md, cr it- 

For md > md,crit, which means the violation of the 
SEC, there is an extreme solution for nonzero horizon 
radius. For md < md, cr it, the solution continues to exist 
in the — > limit where the temperature remains cither 
finite and nonzero, diverges, or approaches zero for 7 = 1, 
7 > 1 and 7 < 1, respectively. 

This property may also hold when the SEC is not 
violated. For example, the Einstein- Yang-Mills-dilaton 
(EYMD) system has been considered before [3-5] and ex- 
hibits thermodynamic properties similar to those above, 
if the black hole has a globally magnetic (or electric) 
charge. To prove this for general matter fields, or to find 
a counterexample is a task we hope to take up in future 
research. 
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FIG. 2. (a) The horizon radius and (b) the inverse tem- 
perature 1/T in terms of the gravitational mass M with 7 = 1. 
The massive solution, GM-GHS solution and RN solution are 
plotted as solid lines, as dotted lines, and a dashed line, re- 
spectively. 



(b) 

FIG. 3. (a) The horizon radius and (b) the inverse 
temperature 1/T in terms of the gravitational mass M with 
7 = 0.5. The massive solution, GM-GHS solution and RN so- 
lution are plotted as solid lines, as dotted lines, and a dashed 
line, respectively. 
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FIG. 5. The horizon radius r h as a function of the gravita- 
tional mass M with 7 = 1. 




(b) 

FIG. 4. (a) The horizon radius and (b) the inverse 
temperature 1/T in terms of the gravitational mass M with 
7 = v3. The massive solution, GM-GHS solution and RN so- 
lution are plotted as solid lines, as dotted lines, and a dashed 
line, respectively. 




FIG. 6. The relationship between r h and 4>ur\ for 7 
(shown also for the GM-GHS solution as a dotted line.). 
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